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Exercise 8

Solve auy + buy, + cu = 0.

Solution

The Geometric Method: Characteristic Curves

Start by rewriting the PDE as
c
Uy + —Uy = ——u
ot a’? a

and then apply the method of characteristics to solve for u. On the paths defined by

dy b
g 2 = 1
D=l e =¢ M)
the PDE reduces to an ODE,
=%y ©)
de  a

That is, u = u(x,y) is constant on the characteristics defined by (1). Solving (2) by separation of
variables, we find that

d
Mo
u a

In |u| = —g.T +C(¢)
lu| = e a%eC®)

u(z, ) = £eC@ea"
u(z, &) = f(€)e”a",

where f is an arbitrary function of the characteristic coordinate, £. Integrating (1) gives
b
y=—-x+¢&.
a
Solving for & gives
b
§=y——x.
a
Therefore,
b c
u(z,y) = f <y - x) e at.
a
We can check that this is the solution to the PDE.

b c C c
£ / _c
uCC = ——¢€ axf — —€ ax
a

uy — efgxf/

aug + buy + cu = —be=a"[ — ce=wZf + be=a*T + cenLf

=0,
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The Coordinate Method: Change of Variables

To solve this PDE with the coordinate method, start by making the change of variables,

2 =azxr+by
y' = bx — ay.

Solving for the old variables in terms of the new ones gives us

_ax’ + by
a4 b2

b’ —ay
E

To find what u, and u, are in terms of these new variables, it’s necessary to use the chain rule.

ou 0x'  Ou Oy
= 0w 0r oy ox e Ty
ou 0x'  Ou Oy

Uy = @?y + 671/671/ = bux/ — AUy

Ug

Now we substitute these expressions into the PDE. The transformed equation is
a(aug + buy ) + b(bug — auy) + cu = 0.
Simplifying this gives
(a® + b*)uy + cu = 0.
Now isolate . .
RN

Solve for u by separating variables and partially integrating both sides with respect to z’.

Uy —

ou c
P ——
ox’ a? + b?
ou c ,
w2
c
In fuf = —miﬁl +9)
u| = e pv e z'+g(y’)

(@, y) = £edW)e” "
u(',y) = hiy)e” =",
where h is an arbitrary function of y’. Now return back to the original variables, z and y.

U(w, y) - h(bx — ay)efﬁ(aaﬂrby)
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We can check that this is the solution.

U = be_m(ax—’—by)h/ o ac e_ﬁ(ax—’—by)h
= -
a? + b2
w = g platby)y  be e (antby)
Y CL2 + b2
And so
” Y) 1.1 a*c (az+by)
aug + buy + cu = e aZ+b? h
a? + b2
2
B _ c 7] /_ b C e ﬁ(aw-{—by)
2 + b
2
(az+by)h + ce ﬁ(ax+by)h

a _ c
_ 2502
aug + buy + cu = Wa aZ+

aug + buy + cu = 0.
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